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Accuracy of Contrast-Enhanced MR Angiography
in Predicting Angiographic Stenosis of the Internal

Carotid Artery: Linear Regression Analysis

Gasser M Hathout, Michael J. Duh, and Suzie M. El-Saden

BACKGROUND AND PURPOSE: We sought to assess whether contrast-enhanced MR an-
giography is able to predict the degree of angiographic stenosis of the internal carotid artery
within a clinically acceptable margin of error, thereby decreasing the need for angiography. In
addition, we sought to assess whether adding ultrasound peak systolic velocity (PSV) as an
additional regressor improves the accuracy of prediction.

METHODS: A retrospective review of our institution’s records for a 4-year period was conducted
to identify all patients who had undergone evaluation of their carotid arteries using digital
subtraction angiography, contrast-enhanced MR angiography, and ultrasonography. All internal
carotid artery stenoses ranging from 10% to 90% at carotid angiography were selected (n � 22).
Measurements were then obtained based on the North American Symptomatic Carotid Endarter-
ectomy Trial style by using the digital subtraction angiograms and contrast-enhanced MR angio-
grams in a blinded fashion. The correlation between digital subtraction angiography data and
contrast-enhanced MR angiography data was assessed by conducting linear regression analysis.
Multiple regression analysis was then conducted to determine whether the inclusion of ultrasound
PSV as an additional regressor increased the accuracy of prediction.

RESULTS: The correlation between the degree of stenosis measured by digital subtraction
angiography and that measured by contrast-enhanced MR angiography was r � 0.967. The 95%
confidence interval for the line of means showed low errors bounds, ranging as low as �2.8%.
The 95% confidence interval for individual prediction of angiographic stenosis based on a given
contrast-enhanced MR angiographic measurement, however, was significantly larger, being no
less than �13.6%. With the inclusion of PSV, the adjusted correlation was r � 0.965.

CONCLUSION: A clear linear relationship exists between digital subtraction angiographic
and contrast-enhanced MR angiographic measurements of carotid stenosis. Increasing severity
of stenosis as measured by contrast-enhanced MR angiography corresponds to increasing
severity at angiography. Although the predictive value of contrast-enhanced MR angiography is
excellent in the mean, it is less reliable for predicting the degree of angiographic stenosis in the
individual patient, showing rather wide confidence intervals. Furthermore, the inclusion of PSV
as an additional regressor does not improve the predictive accuracy beyond that of contrast-
enhanced MR angiography alone.

Symptomatic patients with severe carotid artery ste-
nosis (70–99%) derive a clear benefit from elective
endarterectomy, resulting in overall decrease in

stroke and mortality risk (1). Recent updated results
from the North American Symptomatic Carotid End-
arterectomy Trial (NASCET) reveal a small but sta-
tistically significant improvement in outcome for end-
arterectomy in symptomatic patients with stenoses in
the 50% to 69% range as well, although the guidelines
for patient selection for surgery are less clear (2).
Results from the Asymptomatic Carotid Atheroscle-
rosis Study (ACAS) also show a small benefit for
endarterectomy performed in asymptomatic patients
with stenoses �60% (3).

Considering the small benefit for mid-range symp-
tomatic stenoses (50–69%), the lack of stratification
of the ACAS data, and the small overall benefit for
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asymptomatic patients, we note that the vascular sur-
geons at our institutions have tended to develop an
empiric standard of care based on the data and a
subjective synthesis of the above considerations. For
example, although no particular benefit stratification
exists versus degree of stenosis in the ACAS data,
asymptomatic patients with 60% stenosis are not rou-
tinely offered endarterectomy whereas those with 80%
stenosis may be surgical candidates. Likewise, endarter-
ectomy is more likely to be offered to a symptomatic
patient with 65% stenosis rather than 55% stenosis.
Therefore, accounting for both the data and the empir-
ical practices, which combine the data with the “sense”
the vascular surgeon has regarding whom should un-
dergo surgery, it is clear that careful patient selection for
endarterectomy is essential. The surgical procedure is
associated with a finite risk of cerebrovascular events
and other complications normally associated with gen-
eral anesthesia and surgery (3).

Digital subtraction angiography is currently consid-
ered the “gold standard” for the evaluation of athero-
sclerotic lesions of the carotid arteries. This semi-inva-
sive procedure carries a finite risk of complications,
including but not limited to puncture site hematomas
and pseudoaneurysms, thromboembolic events, contrast
reactions, and nephrotoxicity (5). Noninvasive methods
such as contrast-enhanced MR angiography, CT angiog-
raphy, and ultrasonography are being evaluated as pos-
sible alternatives to digital subtraction angiography.

Studies in the past have consistently shown the ability
of contrast-enhanced MR angiography to correctly clas-
sify the degree of angiographic stenosis, despite an oc-
casional tendency toward overestimation (6–15). In
general, previous studies compared digital subtraction
angiography with contrast-enhanced MR angiography
by stratifying stenoses into broad categories. The most
commonly used classification scheme separated steno-
ses into the following groups: normal (0%), mild (1–
29%), moderate (30–69%), severe (70–99%), and oc-
clusion (100%). To date, it remains unclear whether
contrast-enhanced MR angiography can estimate the
degree of stenosis in the individual patient with a pre-
cision sufficient for surgical decision making in certain
patient populations (eg, distinguishing a symptomatic
55% versus 65% stenosis or an asymptomatic 70% ver-
sus 80% stenosis).

Similar doubts have already arisen regarding the
precision of ultrasonography in the grading of steno-
ses. Numerous studies have shown the ability of color
duplex ultrasonography to grade carotid arterial ste-
noses with rates of accuracy reportedly �90% (16–
22). A study recently performed at our institution,
however, found that although ultrasonographic pa-
rameters such as ultrasound peak systolic velocity
(PSV) are correlated with angiographic severity of
stenosis and are excellent for identifying stenoses as
above or below a single degree of severity (70%),
Doppler examination does not function well in steno-
sis subclassification (23).

There is no question that on a broad level, contrast-
enhanced MR angiography is strongly correlated with
digital subtraction angiography. However, the preci-

sion may be inadequate at the level of the individual
patient. In our study, we compared digital subtraction
angiography and contrast-enhanced MR angiography
by using a somewhat novel approach. Instead of as-
signing stenoses into broad categories, we used re-
gression analysis and assigned confidence intervals to
examine the precision of contrast-enhanced MR an-
giography in making predictions for the individual
patient (ie, given a contrast-enhanced MR angio-
graphic stenosis of 55%, what is the range of stenoses
expected based on conventional angiography?). We
also assessed whether adding ultrasound PSV as an
additional regressor improves the accuracy of predic-
tion to learn whether the combination of contrast-
enhanced MR angiography and ultrasonography in a
quantitative rather than qualitative sense can serve as
adequate replacement for digital subtraction angiog-
raphy within the confines of a simple linear regression
model.

Methods

Participants
Hospital records from 1996 to 2000 were reviewed, and all

patients who underwent evaluation of the carotid arteries with
digital subtraction angiography, contrast-enhanced MR an-
giography, and ultrasonography were identified. All internal
carotid artery stenoses measured to be between 10% and 90%,
based on NASCET criteria, at the time of angiography were
selected (n � 22 carotid arteries from 17 patients). For a
carotid artery to be included in the study, the three types of
examinations had to have been performed within 90 days of
each other. Patients with intervening endarterectomies were
excluded. Also, patients with angiographic stenoses �90%
were not included because of concerns regarding distortions in
the NASCET measurements due to distal luminal atrophy,
possible paradoxical decreases in ultrasound PSV with very
high grade stenoses, and the invariable presence of focal flow
gaps on the contrast-enhanced MR angiograms at that degree
of stenosis. Two potential candidates were excluded because of
poor quality of their contrast-enhanced MR angiograms, one
secondary to motion artifact and the other due to a missed
bolus and venous contamination of the arterial phase images.
Patients were initially referred for these examinations based on
symptomatic (eg, stroke, transient ischemic attacks, or amau-
rosis fugax) or asymptomatic (eg, carotid bruit, preoperative
for coronary artery bypass, or severe peripheral vascular dis-
ease) indications.

Imaging

Contrast-enhanced MR angiography. All contrast-enhanced
MR angiography was performed with a 1.5-T magnet using a
3D subtracted gradient-recalled echo sequence and turbo fast
low angle shot sequence (4/1.6 [TR/TE]; flip angle, 25 degrees;
matrix, 120 � 256). The total dose of gadolinium-based con-
trast material (ProHance; Bracco Diagnostics, Princeton, NJ)
was 20 mL, injected by a power injector (Spectris; Medrad,
Indianola, PA). The initial timing bolus consisted of 6 mL
delivered at a rate of 3 mL/s and then 15 mL of saline flush.
After the timing bolus was administered, power injection at a
rate of 3 mL/s was performed. Measurements of angiographic
stenosis were obtained in accordance with the NASCET meth-
odology (1). The region of highest degree of stenosis was
measured from the film using a jeweler’s magnifying glass with
an embedded measuring scale marked in 0.1-mm increments.
This was compared with the “normal” internal carotid artery
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distal to the stenosis. The formula for computation of the
degree of stenosis was (1 � [minimum residual lumen / normal
lumen]) � 100. Four carotid arteries with flow gaps and evi-
dence of distal flow without luminal atrophy were assigned a
stenosis of 80%, which is the average angiographic stenosis
severity measured by using digital subtraction angiography
in these particular examinations. This approach was adopted
because it would artificially strengthen the predictive power
of the regression model and hence make a conclusion of
unreliability even more powerful. The images were reviewed
independently and in blinded fashion by two neuroradiolo-
gists (G.M.H., S.M.E.), and the results were determined by
averaging.

Ultrasonography. Carotid ultrasonography was performed by
experienced technologists in a single, accredited laboratory in a
veterans hospital, and the ultrasonograms were interpreted by
radiologists with specialization in ultrasound. Equipment in-
cluded commercially available, state-of-the-art scanners (Ad-
vanced Technology Laboratories, Bothell, WA; Acuson,
Mountain View, CA). Five- or 7.5-MHz linear array transduc-
ers were used as dictated by patient body habitus. All images
were obtained according to a set laboratory protocol. Angle
adjustment was based on flow direction as depicted by color
Doppler. The highest angle-adjusted PSV was recorded from
within each internal carotid artery. To perform linear regres-
sion, the relationship between PSV and angiographic stenosis
was assumed to be linear in the range of stenoses in our study
(10–90%).

Angiography. Digital subtraction angiography was performed
via a femoral artery approach with selective injections in the
common carotid arteries. Two or more orthogonal views of
each bifurcation were obtained. Delayed imaging and pro-
longed injections were performed for all patients. Our tech-
nique consisted of an exposure rate of one image per second
for �20 s and a manual injection volume of �20 mL of contrast
material (Isovue 300 [iopamidol], Bracco Diagnostics). The
images were reviewed by two neuroradiologists (G.M.H.,
S.M.E.) in a blinded fashion, and the results were determined
in consensus. The angiographic determination of the degree of
stenosis was measured in accordance with NASCET method-
ology (1), in the same manner as that used for the contrast-
enhanced MR angiographic measurements.

Statistical Analysis

Regression model. We use the standard model of linear
regression, assuming that there is a dependent variable, Y,
which in this case is the measured digital subtraction angio-
graphic stenosis, and an independent variable, X, which in this
case is the measured contrast-enhanced MR angiographic ste-
nosis from which Y is to be predicted. It is assumed that there
is a true population regression line, such that:

1) E�Yi� � �i � � � �Xi

In other words, the expected value E(Yi), or mean value �i, of
the dependent variable is related to the independent variable
by the least squares slope and intercept of the regression
line. Of course, any individual Yi measurement will deviate
from its expected value by an error term, ei, which is assumed
to be normally distributed and to have a mean of zero and a
variance �2:

2) Yi � � � �Xi � ei

None of these parameters (�, �, �) is known for the popu-
lation, and all must be estimated. The estimated regression line
is thus:

3) E�Ŷi� � ûi � �̂ � �̂xi

where the variables �̂ and �̂ are calculated estimators of the
true population parameters � and �, and Ŷi is the fitted value

around the regression line. Likewise, � is unknown and is
estimated by the residual variance around the fitted line:

4) s2 �
1

n 	 2��Yi 	 Ŷi�
2

It is then possible, as is shown in the accompanying appen-
dix, to derive a 95% confidence interval for the mean value of
Y0, in other words, E(Y� 0) or u0, the expected mean value of the
dependent variable, given a certain X0, or value of the inde-
pendent variable (24):

5) u0 � û0 
 t .025s�1
n

�
x0

2

� xi
2

It is also possible to derive a 95% prediction interval for an
individual observation Y0, given a certain X0, or value of the
independent variable (24):

6) Y0 � Ŷ0 
 t .025s�1 �
1
n

�
x0

2

� xi
2

In both cases, t is the Student’s t statistic, having (n � 2)
degrees of freedom. Also, for mathematical convenience (as
explained in the appendix), each independent variable Xi has
been replaced by xi, the deviation from the mean of the inde-
pendent variables:

7) xi � Xi 	 X� .

Results

A total of 22 internal carotid arteries were included
in the study, with digital subtraction angiographic
measurements of stenosis ranging from 28% to 88%.
Contrast-enhanced MR angiographic measurements
of the arteries ranged from 32% to 85%. Ultrasound
PSV ranged from 94 to 448 cm/s.

Digital Subtraction Angiography and
Contrast-enhanced MR Angiography

Regression analysis showed a very strong correla-
tion between stenoses measured by digital subtraction
angiography and contrast-enhanced MR angiogra-
phy, with r � 0.967 (slope � .9974, P � .0001; y
intercept � 1.145). No clear tendency of contrast-
enhanced MR angiography toward over- or underes-
timation of angiographic stenosis was observed (Fig
1). The regression line very closely reflected the true
line of means, with 95% confidence intervals as low as
�2.83% (Fig 2). The 95% prediction interval for
individual predictions of angiographic stenosis, given
a contrast-enhanced MR angiographic measurement
of stenosis, was relatively wide, being no less than
�13.6% (Figs 3 and 4).

PSV and Digital Subtraction Angiography
As seen in Figure 5, digital subtraction angio-

graphic measurements of stenosis tend to increase
with increasing ultrasound PSV. Linear regression
showed moderate correlation between PSV and dig-
ital subtraction angiographic measurements of steno-
sis, with r � 0.8601 (slope � 0.1670, P � .0001; y
intercept � 18.05). This correlation was weaker than
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that observed between contrast-enhanced MR an-
giography and digital subtraction angiography. The
confidence intervals were much wider than that of
contrast-enhanced MR angiography. The 95% confi-
dence intervals for the true line of means showed
minimum error bounds of �5.70%. The precision of
PSV for angiographic stenosis prediction at the indi-
vidual level showed prediction intervals not less than
�27.3% (Fig 5).

Digital Subtraction Angiography and Contrast-
enhanced MR Angiography/PSV

Multiple regression analysis was conducted, de-
scribing digital subtraction angiography-measured
stenosis as a function of both contrast-enhanced MR
angiography and PSV, resulting in r � 0.968 and
adjusted r � 0.965 (t ratio of contrast-enhanced MR
angiography � 7.788 with P � .0001; t ratio of PSV �
0.8106, with P � .4276). This correlation was higher

than that seen with PSV alone but was not signifi-
cantly different from that of contrast-enhanced MR
angiography alone. The coefficient for the inter-
cept � 1.592, for contrast-enhanced MR angiogra-
phy � 0.9150, and for PSV � 0.01794.

Discussion
It is well known that different surgical thresholds for

endarterectomy apply for symptomatic and asymptom-
atic patients in accordance with the NASCET and
ACAS studies. The complex threshold data are com-
bined with subjective criteria on the part of vascular
surgeons to arrive at decisions regarding which patients
should be candidates for endarterectomy.

In symptomatic patients, for example, although the

FIG 1. Scatter plot and regression line for digital subtraction
angiographic measurement of stenosis versus contrast-en-
hanced MR angiographic measurement of stenosis. r � 0.967.
The slope is very nearly 1, and the intercept is nearly 0, showing
excellent linearity. DSA, digital subtraction angiography; Gd-
MRA, contrast-enhanced MR angiography.

FIG 2. Comparison of digital subtraction angiographic mea-
surement of stenosis versus contrast-enhanced MR angio-
graphic measurement of stenosis shows regression line with
95% mean confidence intervals, which reach a minimum of
�2.8%, showing excellent correlation between digital subtrac-
tion angiography and contrast-enhanced MR angiography in the
mean. DSA, digital subtraction angiography; Gd-MRA, contrast-
enhanced MR angiography.

FIG 3. Comparison of digital subtraction angiographic mea-
surement of stenosis versus contrast-enhanced MR angio-
graphic measurement of stenosis shows regression line with
95% individual confidence intervals, which reach a minimum of
�13.6%. These intervals are significantly wider than the mean
confidence intervals shown in Figure 2. DSA, digital subtraction
angiography; Gd-MRA, contrast-enhanced MR angiography.

FIG 4. Comparison of digital subtraction angiographic mea-
surement of stenosis versus contrast-enhanced MR angio-
graphic measurement of stenosis shows regression line with
both 95% mean confidence intervals and 95% individual confi-
dence intervals overlaid on the same graph to depict the differ-
ence in relative width. DSA, digital subtraction angiography;
Gd-MRA, contrast-enhanced MR angiography.
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NASCET update on moderate (50–69%) stenosis
showed some benefit for carotid endarterectomy, the
benefit was mild, with overlapping of the confidence
intervals of the stroke-free survival curves for the
medical versus surgical arms and a higher periopera-
tive complication rate compared with the severe ste-
nosis group (25). The severe (�70%) stenosis group,
however, derives a clear benefit from endarterec-
tomy, without overlap in the confidence intervals of
stroke-free survival curves (25). These considerations
are profoundly reflected in the numbers needed to
treat to prevent one stroke: 19 for the moderate
(50–69%) stenosis group versus six for the severe
(�70%) stenosis group. Meanwhile, the European
Carotid Surgery Trial study showed a 9.8% perioper-
ative complication rate for patients with moderate
stenoses, an overall negative benefit for endarterec-
tomy, and no calculable number needed to treat to
prevent one stroke (25). Therefore, it becomes im-
portant to distinguish a 63% from a 73% stenosis, for
example. Also, subjectively, our surgeons are thus
more likely to take a symptomatic moderate stenosis
to endarterectomy if the stenosis measures 65%
rather than 55% because it is closer to the 70% cutoff
at which there is unequivocal benefit. Furthermore, it
has been shown that no benefit, and possibly harm,
can occur from carotid endarterectomy in the �50%
stenosis range (25). Therefore, it also becomes im-
portant to distinguish 46% from 54% stenosis, again
by way of example.

In asymptomatic patients, the ACAS trial showed a
reduction of stoke risk in patients with �60% steno-
sis. However, these results often are viewed with sig-
nificant skepticism; the absolute average annual risk
reduction in stroke was only 1%, yielding a 2-year
number needed to treat to prevent one stroke of 83
(ie, it is necessary to operate on 83 patients to prevent
one additional stroke in 2 years) (25). In light of this,
our surgeons do not routinely consider asymptomatic
endarterectomy until the stenosis approaches approx-

imately 80%. Therefore, it becomes important to dis-
tinguish 70% from 80% stenosis, for example.

Hence, considering the necessity of accurate esti-
mation of stenoses in certain patient populations,
perhaps to within �10% of a digital subtraction an-
giographic measurement, we pose the question of
whether contrast-enhanced MR angiography is capa-
ble of this level of predictive accuracy. This, of course,
begs the question of how the predictive accuracy is to
be estimated or measured. Thus far, previous studies
have shown the ability of contrast-enhanced MR an-
giography to successfully stratify patients into broad
stenosis groups, with emphasis on the ability to detect
lesions greater than or less than a 70% cutoff point
(6–15). The predictive accuracy of contrast-enhanced
MR angiography compared with digital subtraction
angiography for more precise stenosis measurement
in the individual patient is less clear and was the
object of this study.

Previously, conventional 2D and 3D time-of-flight
MR angiography had been evaluated for the delinea-
tion of carotid stenoses. Some of the difficulties as-
sociated with conventional MR angiography were re-
lated to lengthy acquisition time and movement
artifact and the dependence on flow-related enhance-
ment. Overestimation of stenoses and over-diagnosis
of occlusions occurred as a result of saturation of slow
flow spins and turbulent flow. One study revealed the
general inaccuracy of conventional MR angiography,
estimating that 23% of their study patients would
have received non-indicated endarterectomies and
that 33% would have been improperly denied clini-
cally indicated endarterectomies if only MR angio-
graphic predictions had been used (26).

Contrast-enhanced MR angiography has shown
promise in addressing many of these issues, introduc-
ing the advantages of quick, breath-hold acquisitions
and improved visualization of epiaortic and intracra-
nial vasculature. The use of contrast material renders
the examination more physiologically equivalent to
conventional angiography, decreasing artifacts re-
lated to slow flow, and improving visualization of near
occlusions and tandem lesions (6–15). However, the
predictive accuracy in stenosis measurement in the
individual remains unproved.

We attempted to answer this question using the
theory and tools of simple linear regression analysis
for a small series of patients, obtaining measurements
of the contrast-enhanced MR angiograms based on
the NASCET style rather than rendering qualitative
readings, and attempting to assess predictive accuracy
as compared with digital subtraction angiographic
measurement of stenosis. The great advantage of lin-
ear regression analysis is that it not only allows the
assessment of accuracy in the mean but also offers a
method of calculating 95% prediction intervals of
digital subtraction angiographically shown stenosis in
the individual patient.

Our study shows several important results. First,
the relationship between stenosis measurement by
contrast-enhanced MR angiography and digital sub-
traction angiography is highly linear, with an excellent

FIG 5. Comparison of digital subtraction angiographic mea-
surement of stenosis versus ultrasound PSV shows regression
line with 95% individual confidence intervals, which reach a
minimum of �27.3%. The fit is significantly less (r � 0.86) and
the confidence intervals significantly wider than with contrast-
enhanced MR angiography (Gd-MRA). DSA, digital subtraction
angiography.
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correlation coefficient (r � 0.967), a slope extremely
close to 1.0 (0.9974, P � .0001), and a y intercept of
nearly zero (1.145). Furthermore, there was no ten-
dency to underestimate or overestimate, with the re-
siduals distributed nearly equally above and below the
regression line. This indicates that use of the linear
regression theory should provide valid conclusions.

Second, the 95% confidence intervals for the mean
around the regression line were extremely small, reach-
ing a minimum of �2.8%. This suggests that in the
aggregate, contrast-enhanced MR angiographic stenosis
measurement is an excellent predictor of digital subtrac-
tion angiographic stenosis measurement.

Finally, and most importantly, there may be some
confusion regarding the significance of such numbers,
which are sometimes the ones quoted to justify the
accuracy of a test or study. These small error bounds
imply accuracy on a large scale. For example, if a
large group of patients is studied and has a mean
contrast-enhanced MR angiographic stenosis of 55%
(which was nearly the mean contrast-enhanced MR
angiographic measurement in our patient group), our
regression model predicts that if each of the patients
undergoes conventional angiography and if the digital
subtraction angiographic measurements of stenosis
are tabulated, the mean digital subtraction angio-
graphic measurement of stenosis for this group would
be 56%. This is only a prediction, but with 95%
confidence, the true mean of the digital subtraction
angiographic measurement of stenosis would fall
within �2.8% of the predicted value; in other words,
we can state with 95% confidence that the mean
digital subtraction angiographic measurement of ste-
nosis would fall between 53.2% and 58.8%. This
agreement is excellent, and the small errors would not
be expected to change surgical management. How-
ever, it must be emphasized that these results are
valid only for the means of large groups. The clinically
relevant question is if an individual patient has a
contrast-enhanced MR angiographic measurement of
stenosis of 55%, what are the 95% confidence inter-
vals (or, more correctly, the prediction intervals) for
the digital subtraction angiographic stenosis if angiog-
raphy is performed? A comparison of equations 5 and
6 and Figures 2 and 3 shows that the individual error
bars are much wider than the mean error bars. The
minimum 95% prediction interval for the individual
patient, occurring at a contrast-enhanced MR angio-
graphic stenosis of 55%, is �13.6%. For contrast-
enhanced MR angiographic stenoses above and be-
low the mean value of 55%, the error bars are even
wider and the predictive accuracy is less.

The high degree of accuracy in the mean is com-
parable with, and theoretically equivalent to, the re-
sults that show that contrast-enhanced MR angiogra-
phy is accurate at broad stratification of patients, in
the statistical sense, into those with �70% and those
with �70% stenosis. Our results show that it is sig-
nificantly less accurate in the substratification of the
degree of stenosis (eg, in 10% intervals) in the indi-
vidual patient. This imprecision may preclude its use
for the evaluation of lesions in “gray areas,” such as in

the symptomatic patient with a moderate stenosis
close to 50% or the asymptomatic patient with a
questionable moderate versus severe stenosis, in
which small errors in measurement may lead to large
differences in clinical management. Unnecessary end-
arterectomies, along with their associated thrombo-
embolic complications, could be the result; alterna-
tively, beneficial endarterectomies in sufficiently
stenotic arteries might be forgone as a result of an
underestimation.

Our results also allow non-rigorous analysis of the
possible contribution of ultrasound PSV to contrast-
enhanced MR angiography in surgical decision mak-
ing. It has been our clinical experience that for a large
portion of patients, and depending on the institution,
ultrasonography alone or a combination of ultra-
sonography and MR angiography is regularly used in
lieu of arteriography before endarterectomy is per-
formed. Clinical experience at our institution has
shown that ultrasonography alone, although adequate
for dividing patients into broad categories of above or
below a 70% stenosis threshold, is inadequate for
stratification of stenoses into subgroups, particularly
for those stenoses that fall into the moderate level
(50–69%) (23). The current study shows little addi-
tional benefit for the combination of both contrast-
enhanced MR angiography and ultrasound PSV over
contrast-enhanced MR angiography within a linear
regression framework. Overall, contrast-enhanced
MR angiography alone performed significantly better
than did ultrasonography alone, showing much higher
correlation with digital subtraction angiography, with
smaller prediction intervals for individual measure-
ments of true angiographic stenosis. This is consistent
with previous results showing superior predictive accu-
racy for surgical decision making for MR angiography
over ultrasonography. The work conducted by Johnston
et al (27) revealed a misclassification rate of 18% for
MR angiography used alone versus 28% for ultrasonog-
raphy used alone in surgical decision making.

In our study, the correlation coefficient of contrast-
enhanced MR angiography was not significantly im-
proved when ultrasonography was included as an ad-
ditional regressor. This is corroborated by the
extremely small coefficient for ultrasound PSV in the
multiple regression model (r � 0.01794), which is very
nearly zero, indicating that it contributes essentially
no added information compared with contrast-en-
hanced MR angiography alone. This, of course, is
because of the phenomenon of colinearity and the
high covariance between ultrasound PSV and con-
trast-enhanced MR angiographic measurement of
stenosis; both are expected to increase together and
are not independent variables. Although this result is
not unexpected, it does highlight an important point
regarding clinical decision making: concordance be-
tween the results of contrast-enhanced MR angiogra-
phy and ultrasound PSV should not necessarily in-
crease the confidence of angiographic stenosis
prediction. Conversely, a discrepant PSV should not
necessarily alter interpretation of the contrast-en-
hanced MR angiographic findings. Although this is
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only a tentative conclusion, it is significant in that it
does contradict the findings of earlier work, which
showed that a concordance between ultrasonography
and MR angiography has a higher accuracy rate than
does either test alone. In the work conducted by
Johnston et al (27), the misclassification rate in sur-
gical decision making was 28% for ultrasonography,
18% for MR angiography, and 7.9% for concordance
of the two examination modalities. However, that
earlier work relied essentially completely on conven-
tional time-of-flight MR angiography rather than on
contrast-enhanced MR angiography. Hence, further
investigation of the contribution of ultrasonography
to contrast-enhanced MR angiography in surgical de-
cision making is warranted.

To avoid being overly pessimistic regarding the
usefulness of contrast-enhanced MR angiography as
an accurate noninvasive test, our results must be ex-
amined in the context of several factors. The first of
these is the accuracy of digital subtraction angiogra-
phy versus itself. For example, the largest studies
examining the optimal guidelines for carotid endar-
terectomy, such as the NASCET, base their recom-
mendations on measurements of carotid stenosis as
determined by digital subtraction angiography. Al-
though angiography currently remains the gold stan-
dard for evaluation of carotid artery stenosis, this
method itself has been noted to have some difficulty
in classifying lesions into categories as tight as 10%
(28), even with an allowance for the minimal interob-
server error usually ascribed to the NASCET method
of measurement (29). Other studies have shown sur-
gical misclassification rates of 3.4% to 7.3% and 3.8%
to 12.4% for digital subtraction angiography when
looking at the interobserver variations (30, 31). This
inherent error margin in measurements of conven-
tional angiograms should thus be considered when
evaluating other noninvasive imaging methods, and,
at a minimum, this level of error should be expected
and considered baseline. Using this criterion, predic-
tive intervals of 13.6% may be acceptable, especially
at the ends of the spectrum, where surgical decisions
are clear.

A second important consideration concerns the
methodology for deciding “misclassifications” by non-
invasive tests. In the work conducted by Johnston et
al (27), for example, the surgical population was de-
fined as symptomatic patients with 50% to 99% ste-
noses and asymptomatic patients with 60% to 99%
stenoses. As stated earlier, the data regarding the
efficacy of carotid endarterectomy in symptomatic
patients with moderate stenoses and in asymptomatic
patients in general raise serious concerns regarding
the appropriateness of these cutoff points. The prac-
tice of our vascular surgeons also does not concur
with these criteria. For example, symptomatic pa-
tients with 50% stenosis or asymptomatic patients
with 60% stenosis rarely undergo endarterectomy. If
the criteria are redefined in a less exact fashion, but
one that is more reflective of clinical practice, con-
trast-enhanced MR angiography is probably suffi-
ciently accurate in the majority of cases. For example,

if the criteria for surgery are taken as �60% for
symptomatic patients with an allowance for a 10%
overcall (ie, an allowance that some of the stenosis
measured to be 60% based on contrast-enhanced MR
angiography would actually measure as low as 50%
based on digital subtraction angiography) or as 80%
in asymptomatic patients with an allowance for a 10%
overcall, the error bounds of contrast-enhanced MR
angiography would seem to be to be sufficiently ac-
curate in most cases. This is so because although the
95% error bounds are large, only a small percent of
the errors will be as large as the outer limits of the
bounds, especially when the errors are normally dis-
tributed. Such criteria seem to be more consistent
with the subjective element of current practice, al-
though they do not coincide precisely with literature
cutoffs for surgical populations.

The question arises regarding the role of digital
subtraction angiography. Although our study shows
large individual error bounds in individual prediction
intervals, we do not advocate the abandonment of
noninvasive tests; they are used successfully in the
more subjective paradigm offered above. However,
we think that there is a specific role for digital sub-
traction angiography: to avoid unnecessary endarter-
ectomies when noninvasive studies are equivocal. The
perioperative complication rate from the NASCET
and Aspirin and Carotid Endarterectomy Trial was
6.2% and was higher in patients with moderate ste-
noses than in those with severe stenoses. Addition-
ally, the European Carotid Surgery Trial study
showed a 9.8% perioperative complication rate for
patients with moderate stenoses, with an overall neg-
ative benefit for endarterectomy. Meanwhile, the
data, as described above, are even less convincing
regarding the asymptomatic patient, for whom any
benefit at all is highly dependent on very low periop-
erative complication rates (25). The risks of direct
angiography, however, are in the vicinity of a 1%
overall incidence of neurologic complications and
0.5% incidence of persistent neurologic deficits (32).
Therefore, we suggest that angiography be considered
for symptomatic patients at the lower end of the
moderate stenosis category and for asymptomatic pa-
tients who have less than severe stenosis who would
otherwise undergo endarterectomy on the basis of
noninvasive studies alone.

Finally, an important consideration regarding the
validity of our conclusions is the effect of the small
sample size in our study and the effect of sample size
in similar studies in general. Sample sizes are likely to
be somewhat limited because of considerations simi-
lar to our own: whether at the veterans hospital or the
university hospital, most patients at our institutions
do not undergo digital subtraction angiography be-
fore endarterectomy, and the MR angiographic ex-
aminations tend to be time-of-flight examinations.
Therefore, the number of patients undergoing digital
subtraction angiography, contrast-enhanced MR an-
giography, and ultrasonography is small. In the large
retrospective study conducted by Johnston et al (27),
only 11% of 569 patients had undergone digital sub-
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traction angiography, MR angiography, and ultra-
sonography, rendering numbers in the same order of
magnitude as for our population. Furthermore, only
1% of the MR angiograms in that study were con-
trast-enhanced MR angiograms. Also, for example,
the contrast-enhanced MR angiography study con-
ducted by Aoki et al (33) analyzed 20 patients with
�0% stenoses using contrast-enhanced MR angiog-
raphy and digital subtraction angiography. Therefore,
it is important to examine what conclusions may be
drawn from these populations.

A great advantage of the machinery of linear re-
gression, once shown to be a valid paradigm, is the
ability to extrapolate error estimates from small to
very large samples. Recalling equation 6 for the indi-
vidual prediction intervals, we see that the associated
error bars for 95% prediction intervals are given by
the following equation:

8) 
 t .025s�1 �
1
n

�
x0

2

� xi
2

The actual estimate depends on the degree of ste-
nosis, x0, and the sample size, which influences the 1/n
term and the t statistic, for which the degrees of
freedom � n � 2. In the optimum, if the contrast-
enhanced MR angiographic measurement of stenosis
happens to be the population mean, the rightmost
term under the radical vanishes as x0, previously de-
fined as the deviation from the mean, becomes 0.
Meanwhile, if the sample size becomes infinite, the
1/n term vanishes, the t statistic becomes the z statistic
by the equivalence of z and Student’s t tests when
the degrees of freedom in the t test are infinite, and
s, the estimated standard error, becomes �, the true
population standard error. Therefore, under the
most optimal of circumstances and with an infinite
sample size, the error term for the 95% prediction
intervals cannot fall below �z.025�. Therefore, if we
know �, we can estimate the best-case scenario
error bounds, regardless of the issue of sample size.

Once we establish the validity of a linear regression
model, as discussed previously, this in turn allows the
use of a modified �2 statistic to estimate error bounds
around � from our calculated s. The �2 statistic takes
into account the sample size. Thus, using our data, for
degrees of freedom � 20 (n � 2 degrees of freedom)
and a standard �2 table, we can state with 95% con-
fidence that:

9) 0.480 �
s2

�2 � 1.71

Inverting this equation, we can thus state with 95%
confidence that:

10)
s2

1.71 � �2 �
s2

0.480

Our s value, or estimated error from our sample, was
6.36. Thus, with 95% confidence, we know that 4.9 �
� � 9.2. Therefore, using the value z.025 � 1.96, the
best-case scenario error bounds are 9.54 � z.025� �

18.03%. This is in excellent agreement with our result
of 13.6% and clarifies that even with infinite sample
sizes, the error bars for an individual 95% prediction
interval would not fall below �9.54% and would tend
to be somewhere closer to the middle of the interval.

Conclusion
Although our data show excellent general correla-

tion between contrast-enhanced MR angiography and
digital subtraction angiography, we posit that the rel-
evant clinical issue is the predictive accuracy for the
individual patient. The best-case predictive interval
for our data (�13.6%) for estimation of digital sub-
traction angiographic measurement of stenosis may
be excessively wide in certain patient populations. It is
known that such error intervals, however, exist with
any technique and are, in general, due to two differ-
ent sources: measurement error (ie, the physical lim-
itations of the accuracy of digital subtraction angio-
graphic or contrast-enhanced MR angiographic
measurement of stenosis) and stochastic error (24).
Thus, our somewhat negative conclusions must be
tempered with the previously discussed limitations of
digital subtraction angiography itself. If, as digital
subtraction angiography is viewed as the gold stan-
dard, the uncertainty associated with digital subtrac-
tion angiographic measurements is viewed as the
baseline minimum error, then perhaps the additional
error introduced by the use of contrast-enhanced MR
angiography is within clinically acceptable bounds in
the majority of cases. This is especially true when the
more subjective elements of surgical decision making,
which have evolved around the published criteria, are
taken into account in the accuracy analysis.

Appendix

Derivation of Mean and Individual Confidence
Intervals for Least Squares Regression

A regression line is to be fitted such that the predicted
observations, which will be called Ŷi, will best mirror the real
observations, Yi. Therefore, we wish to derive a regression line,
Ŷi � �̂ 	 �̂xi, which will minimize least squares errors, 
(Yi �
Ŷi)

2 , or 
(Ŷi � �̂ 	 �̂xi)
2. In this case, each independent

variable, Xi, has been replaced by xi, the deviation from the
mean of the independent variables (xi � Xi � X� ). This remap-
ping of the independent variables as displacements from their
own mean leads to the important simplification that 
xi � 0.

To derive the least squares estimators, we set the partial
derivatives of the squared-error term to zero and solve the
resulting equations in standard fashion. For the slope, �̂, the
derivation proceeds as follows:

11)


�̂
��Yi 	 �̂ 	 �̂xi�

2 � � 2��xi��Yi 	 �̂ 	 �̂xi� � 0

Dividing by �2 and distributing the summation yields:

12) � xiYi 	 �̂� xi 	 �̂� xi
2 � 0.

Recalling that 
xi � 0, this can be solved for the slope of the
line �̂ to yield:

13) �̂ �
� xiYi� xi

2 .
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A similar but simpler derivation yields the intercept of the
regression line:

14) �̂ �
� Yi

n
.

Now, �̂ can be seen as a linear combination of the values of the
dependent variable Yi;

15) �̂ � �� xi

k�Yi ,

where

16) k � � xi
2 .

This can further be rewritten as:

17) �̂ � � wiYi � w1Y1 � w2Y2 � . . .wnYn ,

where

18) wi �
xi

k
.

Because the values of Yi are independent of each other, the
variance of �̂ can now be easily expressed as a weighted sum of
the variance of Yi:

19) var��̂� � w1
2var�Y1� � w2

2var�Y2� � . . .wn
2var�Yn�.

Of course, the variance of each term Yi is just the variance of
the dependent variable, previously defined as �2. Thus:

20) var��̂� � �wi
2�2 � � xi

2

k2�
2 �

� 2

k2 � xi
2 �

� 2

k2 �

k �
� 2

k
�

� 2

� xi
2 .

Once again, a similar but simpler argument also establishes
that:

21) var��̂� �
�2

n
.

Now, we are ready to apply these results to the derivation of
confidence intervals. We ask the question, for a given value of
the dependent variable, say x0, what is the mean value of the
dependent variable Y0 and the corresponding confidence inter-
val surrounding it?

Using the parameters derived for the least squares regres-
sion line, it is easy to state that:

22) Y�̂ 0 � �̂ � �̂x0 ,

where Ŷ0 is the regression estimate of the mean. In resetting (xi
� Xi � X� ), this makes �̂ and �̂ have a zero covariance.
Therefore:

23) var�Y�̂ 0� � var�̂ � x0
2var�̂,

or, by substitution of the previously derived values,

24) var�Y�̂ 0� �
�2

n
� x0

2
�2

� xi
2 � �2�1

n
�

x0
2

� xi
2�

Because the true population variance � 2 is unknown, it is
estimated by the residual variance,

25) s2 �
1

n 	 2��Yi 	 Ŷi�
2.

Assuming normality for the error terms, 95% confidence inter-
vals for Y� 0 can now be constructed:

26) Y� 0 � Y�̂ 0 
 t .025s�� 1
n

�
x0

2

� xi
2� .

The confidence intervals for prediction of a single value of
the dependent variable, say Y0, based on a value of the inde-
pendent variable x0 follow an essentially identical derivation to
that presented above. We start with the estimate of Y0, given by
the regression equation:

27) Ŷ0 � �̂ � �̂x0

To the variance of the estimate of the mean

28) var�Y�̂ 0� � � 2�1
n

�
x0

2

� xi
2�,

we must now add the inherent variance of the individual Y
observations around the mean, to get:

29)

var�Ŷ0� � � 2�1
n

�
x0

2

� xi
2�� � 2 � � 2�1

n
�

x0
2

� xi
2 � 1�.

Once again, using the residual variance to estimate the true
population variance, we get:

30) Y0 � Ŷ0 
 t .025s�1
n

�
x0

2

� xi
2 � 1.
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